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φ(k), φ3(k), . . . ,φ2n−1(k)

�
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Λ(k) =
p�

k=1

F (k)rτe(k)Γ(k) =
p�

k=1

F (k)F T(k)

�α(k) = Γ(k)−1Λ(k)

�α(k − 1) = Γ(k − 1)−1Λ(k − 1)

Γ(k)
Γ(k − 1)Λ(k − 1)

Λ(k)

Λ(k) = Λ(k − 1) + F (k)rτe(k)

Γ(k) = Γ(k − 1) + F (k)F (k)T
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GA(.*
' ' ' ' ';pC'mbpbcH3^chbcIpCchb'

;441A/$8'5E%')*5./K'/$O%.&/+$'9+.)<1*'5+'

M%'+-5*/$'

Γ(k) = Γ(k − 1) + F (k)F (k)T

Γ(k)−1 = Γ(k − 1)−1 − Γ(k − 1)−1F (k)F (k)T Γ(k − 1)−1

1 + F (k)T Γ(k − 1)−1F (k)
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P(k) = Γ(k)−1

P(k)F (k)
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�α(k) = Γ(k)−1Λ(k) = P(k)Λ(k) = P(k) (Λ(k − 1) + F (k)rτe)
= P(k) (Γ(k − 1)�α(k − 1) + F (k)rτe)
= P(k)

��
Γ(k)− F (k)F (k)T

�
�α(k − 1) + F (k)rτe

�

= �α(k − 1)−P(k)F (k)F (k)T �α(k − 1) + P(k)F (k)rτe

= �α(k − 1) + P(k)F (k)
�
rτe − F (k)T �α(k − 1)

�

= �α(k − 1) + L(k)
�
rτe − F (k)T �α(k − 1)

�
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�α(k) = �α(k − 1) + a(k)L(k)�(k)

P(k) =
�
I − a(k)L(k)F (k)T

�
P(k − 1)
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1.  Derive a relationship involving the stiffness 

2.  Transform this relationship into a relationship 

between integrals of the measured signals 

3.  Estimate the stiffness 
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ψ(i)(a) = 0 = ψ(i)(b), i = 0, . . . , k − 1

ψ(i) ψ

ψ

ψ

�f, ψ� =
� b

a
f(u)ψ(u)du

f1, f2 ψ 3

(i) �dif1,ψ� = (−1)i�f1, diψ�, i = 0, . . . , k − 1,
(ii) �Cf1 + f2,ψ� = C�f1,ψ�+ �f2,ψ�.

Property 1 is very important, because it allows to replace a
derivative on a function f , which is usually unknown (for example,
we only have access to a measured signal), by the derivative on the
modulating function for which the derivative is known and can be
computed analytically.

Example 1. Let us define the following function:

wi,j(u) = (1− u)iuj , u ∈ R, i, j ∈ N. (10)

Then, wk,k, for k ∈ N, is a modulating function of order k + 1 on
[0, 1].

B. Algorithm
The estimation of the stiffness is derived from equations (2)-(3),

that is, we look at the system on the motor side. The algorithm is
split into two parts. Firstly, the equations are differentiated to make
the stiffness appear explicitly, the stiffness is then approximated by a
Taylor expansion and the resulting equations are transformed, using
modulating functions, so that only filtered versions of the measured
signals are needed. Secondly, a least square algorithm is used to
estimate the parameters of the Taylor expansion and thus the stiffness
itself.

Computation of the filters: We start from equations (2)-(3), that
is:

τi = Jiq̈i + biq̇i − fi(φi), i = 1, 2. (11)

Differentiating with respect to time yields:

τ (1)
i = Jiq

(3)
i + biq

(2)
i − φ(1)

i σi(φ), (12)

we take the following Taylor expansion approximation:

σi(φi) ≈
N�

j=0

αi
j
(φi)

j

j!
, (13)

which gives the relation:
N�

j=0

αi
j
φ(1)
i (φi)

j

j!
= Jiq

(3)
i + biq

(2)
i − τ (1)

i . (14)

The maximum derivative order is 3, then we need to take an order
4 modulating function ψ, which will be defined later. Modulating
equation (14) with ψ, one obtain:

�
N�

j=0

αi
j

φ(1)
i (φi)

j

j!
,ψ

�
=

�
Jiq

(3)
i + biq

(2)
i − τ (1)

i ,ψ
�
, (15)

N�

j=0

αi
j

�
d

�
(φi)

j+1

(j + 1)!

�
,ψ

�
= Ji

�
d3qi,ψ

�
+ bi

�
d2qi,ψ

�
(16)

−�dτi,ψ� ,
N�

j=0

αi
j

�
(φi)

j+1

(j + 1)!
, dψ

�
= Ji

�
qi, d

3ψ
�
− bi

�
qi, d

2ψ
�

(17)

−�τi, dψ� .

We get a relation between the stiffness and the measured signals,
where the only source of error is the Taylor approximation. We want
to estimate the parameters αi with a least square algorithm, then
we need a relation changing with time t. For this purpose, we take
a = t− T and b = t, T is the length of the integration window and
the modulating function is taken as ψ(u) = (u − t + T )3(t − u)3.
We have the following relation:

N�

j=0

αi
j

� t

t−T

(φi)
j+1

(j + 1)!
(u) (dψ) (u)du = Ji

� t

t−T
qi(u)

�
d3ψ

�
(u)du (18)

−bi
� t
t−T qi(u)

�
d2ψ

�
(u)du

−
� t
t−T τi(u) (dψ) (u)du.

Doing the change of variables u = Tν + t− T and dividing by T 3

yields

�N
j=0 αi

j

�
T 2 � 1

0
(φi)

j+1

(j+1)! (t + T (ν − 1))(dw3,3)(ν)dν

�
=

+Ji
� 1
0 qi(t + T (ν − 1))(d3w3,3)(ν)dν

−biT
� 1
0 qi(t + T (ν − 1))(d2w3,3)(ν)dν

−T 2 � 1
0 τi(t + T (ν − 1))(dw3,3)(ν)dν,

the function w3,3 is defined by equation (10). The last thing to do
is to obtain a discrete version of this relation. We assume that the
sampling period is Ts and that T = MTs, where M ∈ N. We take
an approximation of the integral with the trapezoidal method, that is:

� 1

0

f(u)du ≈
M�

m=0

Wmf(tm), (19)

with tm = mTs, W0 = WM = Ts/2 and Wm = Ts, m =
1, . . . ,M − 1.
We finally obtain the following relation, at discrete-time k (corre-
sponding to the continuous time t = kTs):

Ci(k) =
N�

j=0

αi
jb

i
j(k), (20)

�
= AT

i Bi(k), (21)

with Ai = [αi
0, . . . ,α

i
N ]T , Bi(k) = [bi0, . . . , b

i
N ]T ,

Ci(k) =
�M

m=0 qi ((k − m)Ts)× (22)

×
�
JiWm(d3w3,3)(m/M) − biWmT (d2w3,3)(m/M)

�

+
�M

m=0 τi ((k − m)Ts)
�
−T 2Wm(dw3,3)(m/M)

�
,

and

bij(k) =
M�

m=0

�
φj+1
i

(j + 1)!

�
((k −m)Ts)

�
T 2Wm(dw3,3)(m/M)

�
.

(23)
For k ≤ M , measured values at negative time (k −m)Ts, i.e. (k −
m) < 0, are set to zero. The derivatives of w3,3 are given by:

dw3,3(u) = −3w2,3 + 3w3,2, (24)
d2w3,3(u) = 6w1,3(u)− 18w2,2(u) + 6w3,1(u), (25)
d3w3,3(u) = −6w0,3(u) + 54w1,2(u)− 54w2,1(u) + 6w3,0(u)

. (26)

Note that the definition of Bi and Ci can be seen as filtering by a
Finite Impulse Response Digital Filter.

Recursive least square algorithm: Now that a relation has been
obtained between the stiffness parameters in the Taylor expansion and
the measured signals, we further use it into a discrete least square
algorithm in order to obtain an approximation Âi of Ai.






Âi(k) = Âi(k − 1) + Γ(k)C̃i(k/k − 1),

C̃i(k/k − 1) = Ci(k)−Bi(k)Âi(k − 1),

Γ(k) = F (k−1)Bi(k)

1+BT
i (k)F (k−1)Bi(k)

,

F (k) = (IN+1 − Γ(k)Bi(k)
T )F (k − 1).

(27)
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τ = Bθ̈ + Dθ̇ − f(φ)!5*."$8'9.+)'5E%')+5+.'&/6%'6A$*)/2'%Z<*"+$'
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τ̇ = Bθ(3) + Dθ̈ − σφ̇

σ(φ) ≈
N�

j=0

αi
j
(φ)j

j!N�

j=0

αi
j
φ̇(φ)j

j!
= Bθ(3) + Dθ̈ − τ̇

ψ
�

N�

j=0

αi
j
φ̇(φ)j

j!
, ψ

�
=

�
Bθ(3) + Dθ̈ − τ̇ , ψ

�

N�

j=0

αi
j

��
(φ)j+1

(j + 1)!

�(1)

, ψ

�
= B

�
θ(3), ψ

�
+ D

�
θ̈,ψ

�
− �τ̇ , ψ�
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j=0

αi
j

� T

t−T

(φ)j+1

(j + 1)!
(u)ψ̇(u)du = B

� T

t−T
θ(u)ψ(3)(u)du

+D

� T

t−T
θ(u)ψ̈(u)du−

� T

t−T
τ(u)ψ̇(u)du

α

ψ(u) = (u− t + T )3 (t− u)3
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T 2

� 1

0

(φ)j+1

(j + 1)!
(t− T (ξ − 1)) w(1)

3,3(ξ)dξ

�

= B

� 1

0
θ (t− T (ξ − 1)) w(3)

3,3(ξ)dξ

+D

� 1

0
θ (t− T (ξ − 1))w(3)

3,3(ξ)dξ

−
� 1

0
τ (t− T (ξ − 1))w(1)

3,3(ξ)dξ

d/5E' wi,j(ξ) = (1− xi)iξj
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(i) �dif1,ψ� = (−1)i�f1, diψ�, i = 0, . . . , k − 1,
(ii) �Cf1 + f2,ψ� = C�f1,ψ�+ �f2,ψ�.

Property 1 is very important, because it allows to replace a
derivative on a function f , which is usually unknown (for example,
we only have access to a measured signal), by the derivative on the
modulating function for which the derivative is known and can be
computed analytically.

Example 1. Let us define the following function:

wi,j(u) = (1− u)iuj , u ∈ R, i, j ∈ N. (10)

Then, wk,k, for k ∈ N, is a modulating function of order k + 1 on
[0, 1].

B. Algorithm
The estimation of the stiffness is derived from equations (2)-(3),

that is, we look at the system on the motor side. The algorithm is
split into two parts. Firstly, the equations are differentiated to make
the stiffness appear explicitly, the stiffness is then approximated by a
Taylor expansion and the resulting equations are transformed, using
modulating functions, so that only filtered versions of the measured
signals are needed. Secondly, a least square algorithm is used to
estimate the parameters of the Taylor expansion and thus the stiffness
itself.

Computation of the filters: We start from equations (2)-(3), that
is:

τi = Jiq̈i + biq̇i − fi(φi), i = 1, 2. (11)

Differentiating with respect to time yields:

τ (1)
i = Jiq

(3)
i + biq

(2)
i − φ(1)

i σi(φ), (12)

we take the following Taylor expansion approximation:

σi(φi) ≈
N�

j=0

αi
j
(φi)

j

j!
, (13)

which gives the relation:
N�

j=0

αi
j
φ(1)
i (φi)

j

j!
= Jiq

(3)
i + biq

(2)
i − τ (1)

i . (14)

The maximum derivative order is 3, then we need to take an order
4 modulating function ψ, which will be defined later. Modulating
equation (14) with ψ, one obtain:

�
N�

j=0

αi
j

φ(1)
i (φi)

j

j!
,ψ

�
=

�
Jiq

(3)
i + biq

(2)
i − τ (1)

i ,ψ
�
, (15)

N�

j=0

αi
j

�
d

�
(φi)

j+1

(j + 1)!

�
,ψ

�
= Ji

�
d3qi,ψ

�
+ bi

�
d2qi,ψ

�
(16)

−�dτi,ψ� ,
N�

j=0

αi
j

�
(φi)

j+1

(j + 1)!
, dψ

�
= Ji

�
qi, d

3ψ
�
− bi

�
qi, d

2ψ
�

(17)

−�τi, dψ� .

We get a relation between the stiffness and the measured signals,
where the only source of error is the Taylor approximation. We want
to estimate the parameters αi with a least square algorithm, then
we need a relation changing with time t. For this purpose, we take
a = t− T and b = t, T is the length of the integration window and
the modulating function is taken as ψ(u) = (u − t + T )3(t − u)3.
We have the following relation:

N�

j=0

αi
j

� t

t−T

(φi)
j+1

(j + 1)!
(u) (dψ) (u)du = Ji

� t

t−T
qi(u)

�
d3ψ

�
(u)du (18)

−bi
� t
t−T qi(u)

�
d2ψ

�
(u)du

−
� t
t−T τi(u) (dψ) (u)du.

Doing the change of variables u = Tν + t− T and dividing by T 3

yields

�N
j=0 αi

j

�
T 2 � 1

0
(φi)

j+1

(j+1)! (t + T (ν − 1))(dw3,3)(ν)dν

�
=

+Ji
� 1
0 qi(t + T (ν − 1))(d3w3,3)(ν)dν

−biT
� 1
0 qi(t + T (ν − 1))(d2w3,3)(ν)dν

−T 2 � 1
0 τi(t + T (ν − 1))(dw3,3)(ν)dν,

the function w3,3 is defined by equation (10). The last thing to do
is to obtain a discrete version of this relation. We assume that the
sampling period is Ts and that T = MTs, where M ∈ N. We take
an approximation of the integral with the trapezoidal method, that is:

� 1

0

f(u)du ≈
M�

m=0

Wmf(tm), (19)

with tm = mTs, W0 = WM = Ts/2 and Wm = Ts, m =
1, . . . ,M − 1.
We finally obtain the following relation, at discrete-time k (corre-
sponding to the continuous time t = kTs):

Ci(k) =
N�

j=0

αi
jb

i
j(k), (20)

�
= AT

i Bi(k), (21)

with Ai = [αi
0, . . . ,α

i
N ]T , Bi(k) = [bi0, . . . , b

i
N ]T ,

Ci(k) =
�M

m=0 qi ((k − m)Ts)× (22)

×
�
JiWm(d3w3,3)(m/M) − biWmT (d2w3,3)(m/M)

�

+
�M

m=0 τi ((k − m)Ts)
�
−T 2Wm(dw3,3)(m/M)

�
,

and

bij(k) =
M�

m=0

�
φj+1
i

(j + 1)!

�
((k −m)Ts)

�
T 2Wm(dw3,3)(m/M)

�
.

(23)
For k ≤ M , measured values at negative time (k −m)Ts, i.e. (k −
m) < 0, are set to zero. The derivatives of w3,3 are given by:

dw3,3(u) = −3w2,3 + 3w3,2, (24)
d2w3,3(u) = 6w1,3(u)− 18w2,2(u) + 6w3,1(u), (25)
d3w3,3(u) = −6w0,3(u) + 54w1,2(u)− 54w2,1(u) + 6w3,0(u)

. (26)

Note that the definition of Bi and Ci can be seen as filtering by a
Finite Impulse Response Digital Filter.

Recursive least square algorithm: Now that a relation has been
obtained between the stiffness parameters in the Taylor expansion and
the measured signals, we further use it into a discrete least square
algorithm in order to obtain an approximation Âi of Ai.






Âi(k) = Âi(k − 1) + Γ(k)C̃i(k/k − 1),

C̃i(k/k − 1) = Ci(k)−Bi(k)Âi(k − 1),

Γ(k) = F (k−1)Bi(k)

1+BT
i (k)F (k−1)Bi(k)

,

F (k) = (IN+1 − Γ(k)Bi(k)
T )F (k − 1).

(27)
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Property 1 is very important, because it allows to replace a
derivative on a function f , which is usually unknown (for example,
we only have access to a measured signal), by the derivative on the
modulating function for which the derivative is known and can be
computed analytically.

Example 1. Let us define the following function:

wi,j(u) = (1− u)iuj , u ∈ R, i, j ∈ N. (10)

Then, wk,k, for k ∈ N, is a modulating function of order k + 1 on
[0, 1].

B. Algorithm
The estimation of the stiffness is derived from equations (2)-(3),

that is, we look at the system on the motor side. The algorithm is
split into two parts. Firstly, the equations are differentiated to make
the stiffness appear explicitly, the stiffness is then approximated by a
Taylor expansion and the resulting equations are transformed, using
modulating functions, so that only filtered versions of the measured
signals are needed. Secondly, a least square algorithm is used to
estimate the parameters of the Taylor expansion and thus the stiffness
itself.

Computation of the filters: We start from equations (2)-(3), that
is:

τi = Jiq̈i + biq̇i − fi(φi), i = 1, 2. (11)

Differentiating with respect to time yields:

τ (1)
i = Jiq

(3)
i + biq

(2)
i − φ(1)

i σi(φ), (12)

we take the following Taylor expansion approximation:

σi(φi) ≈
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j=0
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(φi)
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, (13)

which gives the relation:
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j=0
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j
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= Jiq
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i + biq
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i − τ (1)
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The maximum derivative order is 3, then we need to take an order
4 modulating function ψ, which will be defined later. Modulating
equation (14) with ψ, one obtain:
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We get a relation between the stiffness and the measured signals,
where the only source of error is the Taylor approximation. We want
to estimate the parameters αi with a least square algorithm, then
we need a relation changing with time t. For this purpose, we take
a = t− T and b = t, T is the length of the integration window and
the modulating function is taken as ψ(u) = (u − t + T )3(t − u)3.
We have the following relation:

N�

j=0

αi
j

� t

t−T

(φi)
j+1

(j + 1)!
(u) (dψ) (u)du = Ji

� t

t−T
qi(u)

�
d3ψ

�
(u)du (18)

−bi
� t
t−T qi(u)

�
d2ψ

�
(u)du

−
� t
t−T τi(u) (dψ) (u)du.

Doing the change of variables u = Tν + t− T and dividing by T 3

yields

�N
j=0 αi

j

�
T 2 � 1

0
(φi)

j+1

(j+1)! (t + T (ν − 1))(dw3,3)(ν)dν

�
=

+Ji
� 1
0 qi(t + T (ν − 1))(d3w3,3)(ν)dν

−biT
� 1
0 qi(t + T (ν − 1))(d2w3,3)(ν)dν

−T 2 � 1
0 τi(t + T (ν − 1))(dw3,3)(ν)dν,

the function w3,3 is defined by equation (10). The last thing to do
is to obtain a discrete version of this relation. We assume that the
sampling period is Ts and that T = MTs, where M ∈ N. We take
an approximation of the integral with the trapezoidal method, that is:

� 1

0

f(u)du ≈
M�

m=0

Wmf(tm), (19)

with tm = mTs, W0 = WM = Ts/2 and Wm = Ts, m =
1, . . . ,M − 1.
We finally obtain the following relation, at discrete-time k (corre-
sponding to the continuous time t = kTs):

Ci(k) =
N�

j=0

αi
jb

i
j(k), (20)

�
= AT

i Bi(k), (21)

with Ai = [αi
0, . . . ,α

i
N ]T , Bi(k) = [bi0, . . . , b

i
N ]T ,

Ci(k) =
�M

m=0 qi ((k − m)Ts)× (22)

×
�
JiWm(d3w3,3)(m/M) − biWmT (d2w3,3)(m/M)

�

+
�M

m=0 τi ((k − m)Ts)
�
−T 2Wm(dw3,3)(m/M)

�
,

and

bij(k) =
M�

m=0

�
φj+1
i

(j + 1)!

�
((k −m)Ts)

�
T 2Wm(dw3,3)(m/M)

�
.

(23)
For k ≤ M , measured values at negative time (k −m)Ts, i.e. (k −
m) < 0, are set to zero. The derivatives of w3,3 are given by:

dw3,3(u) = −3w2,3 + 3w3,2, (24)
d2w3,3(u) = 6w1,3(u)− 18w2,2(u) + 6w3,1(u), (25)
d3w3,3(u) = −6w0,3(u) + 54w1,2(u)− 54w2,1(u) + 6w3,0(u)

. (26)

Note that the definition of Bi and Ci can be seen as filtering by a
Finite Impulse Response Digital Filter.

Recursive least square algorithm: Now that a relation has been
obtained between the stiffness parameters in the Taylor expansion and
the measured signals, we further use it into a discrete least square
algorithm in order to obtain an approximation Âi of Ai.






Âi(k) = Âi(k − 1) + Γ(k)C̃i(k/k − 1),

C̃i(k/k − 1) = Ci(k)−Bi(k)Âi(k − 1),

Γ(k) = F (k−1)Bi(k)

1+BT
i (k)F (k−1)Bi(k)

,

F (k) = (IN+1 − Γ(k)Bi(k)
T )F (k − 1).

(27)
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Ci(k) =
M�

m=0

θ((k −m)TS)

�
BWm(d3w3,3(m/M)−DWmT (d2w3, 3)(m/M)

�

+
M�

m=0

τ((k −m)Ts)
�
−T 2Wm(dw3,3)(m/M)

�

bj(k) =
M�

m=0

�
φj+1

(j + 1)!

�
((k −m)Ts)

�
T 2Wm(dw3,3)(m/M)

�

dw3,3 = −3w2,3 + 3w3,2

d2w3,3 = 6w1,3 − 18w2,2 + 6w3,1

d3w3,3 = −6w0,3 + 54w1,2 − 54w2,1 + 6w3,0
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Fig. 3. Data used for the simulations Agonistic-Antagonistic VSA.

then test our algorithm for non exact values of N , that is, with N = 2
and N = 4.

set-up for the algorithm

The parameters of the observer are set as follow, the length of the

time window for the integral is T = 0.5 s and the covariance matrix

for the RLS is initialized at F (0) = 108IdN+1. The sampling time

is taken as Ts = 1/1000 s.

results of simulations

The results of the reconstruction of the stiffness are given on figure

5. In addition, an average of the Mean Square Error (MSE) and

the Mean Square Relative Error Percentage (MSREP) have been

computed, over 100 simulations, after the algorithm has converged,

that is between t = 2s and t = 10s and are given in table I. We

can see, that in every cases and with the same settings, the algorithm

performs satisfactorily.

V. EXPERIMENTAL RESULTS

In this section, we test the algorithm presented here on the Agonist-

Antagonist VSA experimental device with exponential springs shown

in figure 6, which is fully described in [12]. The results of the

estimations are depicted on figure 8. The comparison model is not

exact due to uncertainties in the model of the actuator and especially
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Fig. 4. Noisy signals used for the simulations.

in the model parameters. Then, we consider that the knowledge of

the true stiffness is reliable up to an error about 25 %, represented

by an horizontal line on figure 8.b).

The order of the Taylor expansion has been set to N = 9. The

covariance matrix for the RLS has been set to F (0) = 105I10 and

the length of the time window for the integral is T = 0.5s.

VI. CONCLUSION

In this paper, we have presented a new algorithm for estimating the

nonlinear stiffness of agonistic-antagonist Variable Stiffness Actuator.

The advantages of the proposed method are twofold, firstly, the

tunning is simple, secondly, the algorithm is proven to converge. The

effect of the noise on the resulting estimation has been studied and a

methodology to tune the parameters has been provided. Furthermore,

the algorithm has been validated on experimental data which prove

its practical efficiency.
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spring stiffness. Moreover, the structure has to be designed
with a geometry that allows the integration of the sensor
inside the spring and by using a material that can be easily
bonded to the spring so that the spring deformation transmits
to the structure itself.

For example, the silicone selected for realization of the
prototypes, presented below, satisfies these properties as it
can be easily molded around the spring once the structure has
been inserted into the spring, and its hardness is sufficiently
low that the stiffness of the structure is order of magnitudes
lower that the spring stiffness.

A sketch of the principle is depicted in Fig. 7. In detail,
in order to transduce the spring deformation into an electric
signal, the deformable structure has to be designed in such a
way that the light emitted by a LED/Phototransistor (PT)
couple placed at the bottom of the structure is reflected
only by the opposite facet and absorbed by the rest of the
structure. The reflected light is then collected by the PT, and
thus transformed into an electrical photocurrent according to
the approximate relationship

I(d) = kI/d
2, (17)

where kI is a dimensional constant that depends on the
current flowing into the LED and the responsitivity of the
PT, and thus can be tuned to change the sensor sensitivity.
The photocurrent is then converted into a voltage by the
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Fig. 7. Sensor concept for measuring the elastic energy of the VSA.

straightforward circuit in Fig. 8(g), where the resistor RL can
be used to fix the LED current and thus the light intensity,
while the resistor RC on the PT collector is tuned to fix the
operating point of the PT for maximizing the sensitivity.

B. Sensor prototype and characterization

The sensor concept described above has been further
developed to realize the sensor prototype. In this preliminary
work, the sensor prototype has been designed by using a
spring slightly larger than the one used inside the VSA-
CubeBot in order to better evaluate all the problems related to
the production and functioning of the sensor. On the basis of
linear spring dimensions, the deformable structure has been
designed as a parallelepiped with a square cross-section that
fits the inner cross-section of the spring, so as to keep the
structure in tight contact with the spring to facilitate strain
transfer. The cross-section has not been selected circular as
the spring in order to have some space between the spring
and the structure to be filled in with additional silicone so
as to completely embed the sensor into the spring ensuring
a good strain transfer.

The deformable structure has been realized through sil-
icone molding by using the material MM909 provided by
ACC Silicones Europe (Shore hardness 9A2). In particular,
the whole body has been realized in black silicone to
absorb the incident light, while the internal surface facing
the LED/PT couple has been realized in white silicone to
enhance its reflectivity (see Fig. 8(a)).

The electronic board (see Fig. 8(b)) is the second main
component of the sensor and it has been realized by using
very small SMT packages for both components. The LED
(code SFH4080) is an infrared emitter with a typical peak
wavelength of 880 nm, while the detector is a silicon NPN
phototransistor (code SFH3010) with a maximum peak sen-
sitivity at 860 nm wavelength and a viewing angle of ±80!.
Interestingly enough, the LED has a maximum forward
current of 100mA and is capable of a power dissipation up to
180mW, nevertheless, in the sensor it is used with a forward
current of only 1mA, owing to the small distance from the
receiver. The resistors RL and RC have been optimized for
an input voltage of 3.3V. This limits the total power of the
sensor to about 6mW, i.e. a very low power that is a desirable
feature for any sensor. Also, the conditioning electronics is
very simple since any voltage amplification and/or filtering

2This shore value approximately corresponds to a Young modulus of
0.5MPa.
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Fig. 8. Main components of the sensor prototype: (a) deformable structure,
(b) electronic board, (c) deformable structure and electronic board assem-
bled, (d) molding cast, (e) sensorized spring, (f) calibration setup and (g)
electronic circuit.

stage is not required in case A/D converters with a good
resolution are available.

As soon as the two main components of the sensor have
been built, the electronic board has been attached to the
bottom of the deformable structure with a thin layer of
cyanoacrylate (see Fig. 8(c)). Then, the sensor has been
inserted into the spring and placed into the cast for silicone
molding (see Fig. 8(d)). The three wires of the board have
been connected to the rest of the circuit (basically the two
resistors) that could be located remotely only for testing
convenience, but they can be easily placed on the board itself.

Two different prototypes have been produced with the
procedure described so far, one for measuring the elastic
energy of a spring subjected to compressive forces and
the other for a spring subjected to tensile forces. The two
realized sensors are very similar and for brevity only the
characterization of the first one is reported in this work
(see Fig. 8(e)). It has been mounted in an experimental
testing setup constituted by a manual micropositioning stage
to measure the applied displacement, a load cell to measure
the applied force and a data acquisition system to record the
output voltage of the sensor (see Fig. 8(f)). A preliminary
testing phase has been carried out to optimize the sensitivity
by tuning the two resistors RL and RC , i.e. RL = 1.2 k!,
RC = 8 k! for the compression sensor.

During the calibration procedure, a set of displacements
ranging from 0.1mm to 4.2mm have been applied to the
sensorized spring by means of the micropositioning stage
and the corresponding force and output voltage values have
been recorded. By applying a simple least square fitting to the
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Fig. 9. Calibration curves of the sensor prototype.

measured force/displacement data, it is possible to estimate
the spring stiffness, i.e. k = 0.27N/m.

The calibration curves have been determined by applying
a least square fitting to the force vs. voltage and energy vs.

voltage data sets and the results are reported in Fig. 9, which
reveal that the sensor can be used to measure both a force
sensor or an energy.

VI. CONCLUSIONS AND FUTURE WORKS

A novel mechatronic approach has been proposed for
robust estimation of torque and stiffness of VSAs. Adaptive
algorithms have been devised to exploit the elastic energy
measured by a new optoelectronic sensor. Integration and
testing in a real VSA is foreseen.
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based on elastic energy measurement.

III. THE PROPOSED APPROACH BASED ON
ELASTIC ENERGY MEASUREMENT

With reference to the VSA-II device developed in [1],
where the two flexible transmissions are realized by a pair
of 4-bar linkages with linear springs, the elastic energy of
each transmission is

Ue,i(!i) = ki"
2
i (!i), i = 1, 2, (9)

with "i(!i) already defined. In this specific device, this quan-
tity is also the elastic energy of the four linear springs whose
stiffness is ki. Therefore, by measuring the deformation xi of
each spring (two for each transmission), and if the stiffness
were known, the elastic energy of each transmission could be
easily estimated as

!2
i=1

1
2kix

2
i . A similar situation happens

in the VSA-CubeBot [2], where again four discrete linear
springs are adopted to tighten two tendons connecting the
two motors to the load. The assumption of the availability
of the measurement of the elastic energy allows to greatly
simplify the estimation of both the flexibility torque and the
stiffness of the transmission, in fact these are related to the
energy by the well-known relationships

#e,i(!i) =
$Ue,i(!i)

$!i
(10)

%i(!i) =
$#e,i(!i)

$!i
=

$2Ue,i(!i)

$!2
i

, i = 1, 2. (11)

Of course, in order to apply the relationships (10) and (11),
an analytic expression of the elastic energy should be known
as a function of the angular deformation. In particular two
universal approximators are adopted in this paper:

• a polynomial approximation, where the parameters are
estimated with the RLS algorithm;

• a feed-forward neural network with on-line reinforce-
ment learning

The first approach has been inspired by the technique pre-
sented in [4], but the second method will be shown to be
more accurate.

A. Polynomial approximation of the energy

By following the same approach used in [5] to obtain the
functional estimation of the stiffness, the following linear
parametrization of the elastic energy is proposed

Ue,i(!i) =
n"

h=1

fh(!i)&i,h = F T
i (!i)!i i = 1, 2, (12)

where the n ! 1 vector !i = [&i,1 · · ·&i,n]T contains the
parameters to be estimated and the n ! 1 vector F i(!i) =
[ f1(!i) · · · fn(!i) ]T contains the n basis functions fh(·)
computed in the elastic deformation !i. Again, by making
the same choice made in [5], polynomials of increasing order
are selected, but taking into account that the elastic energy
is an even function of the deformation, only even powers of
!i are considered, i.e.

fh(!i) = !2h
i , h = 1, . . . , n. (13)

With the aim to exploit the estimation of the energy for
control purposes, the standard RLS algorithm [8] is adopted
to estimate the parameters !, and not reported for brevity.

The most relevant aspect of this approach that estimation
of both flexibility torque and stiffness can be obtained simply
by differentiating the estimated elastic energy in (12) with
respect to !i as in (10),(11), and then using the estimated
parameters #!, i.e.

##e,i(k) =
$F T (!i)

$!i

$$$$$
!i(tk)

#!i(k) (14)

#%i(k) =
$2F T (!i)

$!2
i

$$$$$
!i(tk)

#!i(k), i = 1, 2. (15)

B. Neural network approximation of the energy

As a different analytical approximation of the elastic en-
ergy, a FF-NN with two layers has been designed. The hidden
layer has 8 neurons with sigmoidal activation function, while
the output layer has a single neuron with linear activation
function. The number of neurons of the hidden layer has been
selected trough the classical cross-validation technique by
constructing separate train and validation sets from a larger
data set obtained from the analytical expression reported after
Eq. (3)1. The analytical expression of the network is

Ue,i(!i) = b2 +
nN"

k=1

W2,k[tansig(W1,k!i + b1,k)], (16)

where nN is the number of neurons of the hidden layer; Wi,j

and bi,j are the weights and biases, respectively, being i the
index referring to the hidden layer and j the index referring
to the output layer; tansig(x) = (1 " e!2x)/(1 + e!2x) is
the sigmoidal activation function.

A first guess of the network weights and biases has
been obtained through an off-line training phase based
on the Levenberg-Marquardt backpropagation method with
Bayesian regularization [9], then they are updated according
to a reinforcement learning algorithm based on the gradient
descent with momentum method [10]. Such algorithm, sim-
ilarly to the RLS method, requires an on-line measurement
of the quantity being approximated, i.e. the elastic energy.
How to practically obtain such measurement is described in
Section V. Differently from the RLS technique, the resulting
accuracy will be better, but paying for a larger computational
complexity.

The advantages of both the approaches proposed here, ei-
ther with a polynomial approximation or with a FF-NN, with
respect to the residual-based approach are that knowledge
of the dynamic parameters of the motors is not required,
measurement of motors and load speeds is not required since
only motors and link angular positions are needed to compute
the deformation !i, access to the input torque of the motors
is not required and thus losses in gearboxes have no effect on
the estimation. Finally, estimation of the stiffness does not

1Of course, in the real case, this data set should be constructed experi-
mentally.
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of 4-bar linkages with linear springs, the elastic energy of
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Of course, in order to apply the relationships (10) and (11),
an analytic expression of the elastic energy should be known
as a function of the angular deformation. In particular two
universal approximators are adopted in this paper:

• a polynomial approximation, where the parameters are
estimated with the RLS algorithm;

• a feed-forward neural network with on-line reinforce-
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The first approach has been inspired by the technique pre-
sented in [4], but the second method will be shown to be
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are selected, but taking into account that the elastic energy
is an even function of the deformation, only even powers of
!i are considered, i.e.
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With the aim to exploit the estimation of the energy for
control purposes, the standard RLS algorithm [8] is adopted
to estimate the parameters !, and not reported for brevity.

The most relevant aspect of this approach that estimation
of both flexibility torque and stiffness can be obtained simply
by differentiating the estimated elastic energy in (12) with
respect to !i as in (10),(11), and then using the estimated
parameters #!, i.e.
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B. Neural network approximation of the energy

As a different analytical approximation of the elastic en-
ergy, a FF-NN with two layers has been designed. The hidden
layer has 8 neurons with sigmoidal activation function, while
the output layer has a single neuron with linear activation
function. The number of neurons of the hidden layer has been
selected trough the classical cross-validation technique by
constructing separate train and validation sets from a larger
data set obtained from the analytical expression reported after
Eq. (3)1. The analytical expression of the network is
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where nN is the number of neurons of the hidden layer; Wi,j

and bi,j are the weights and biases, respectively, being i the
index referring to the hidden layer and j the index referring
to the output layer; tansig(x) = (1 " e!2x)/(1 + e!2x) is
the sigmoidal activation function.

A first guess of the network weights and biases has
been obtained through an off-line training phase based
on the Levenberg-Marquardt backpropagation method with
Bayesian regularization [9], then they are updated according
to a reinforcement learning algorithm based on the gradient
descent with momentum method [10]. Such algorithm, sim-
ilarly to the RLS method, requires an on-line measurement
of the quantity being approximated, i.e. the elastic energy.
How to practically obtain such measurement is described in
Section V. Differently from the RLS technique, the resulting
accuracy will be better, but paying for a larger computational
complexity.

The advantages of both the approaches proposed here, ei-
ther with a polynomial approximation or with a FF-NN, with
respect to the residual-based approach are that knowledge
of the dynamic parameters of the motors is not required,
measurement of motors and load speeds is not required since
only motors and link angular positions are needed to compute
the deformation !i, access to the input torque of the motors
is not required and thus losses in gearboxes have no effect on
the estimation. Finally, estimation of the stiffness does not

1Of course, in the real case, this data set should be constructed experi-
mentally.
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ergy, a FF-NN with two layers has been designed. The hidden
layer has 8 neurons with sigmoidal activation function, while
the output layer has a single neuron with linear activation
function. The number of neurons of the hidden layer has been
selected trough the classical cross-validation technique by
constructing separate train and validation sets from a larger
data set obtained from the analytical expression reported after
Eq. (3)1. The analytical expression of the network is

Ue,i(!i) = b2 +
nN"

k=1

W2,k[tansig(W1,k!i + b1,k)], (16)

where nN is the number of neurons of the hidden layer; Wi,j

and bi,j are the weights and biases, respectively, being i the
index referring to the hidden layer and j the index referring
to the output layer; tansig(x) = (1 " e!2x)/(1 + e!2x) is
the sigmoidal activation function.

A first guess of the network weights and biases has
been obtained through an off-line training phase based
on the Levenberg-Marquardt backpropagation method with
Bayesian regularization [9], then they are updated according
to a reinforcement learning algorithm based on the gradient
descent with momentum method [10]. Such algorithm, sim-
ilarly to the RLS method, requires an on-line measurement
of the quantity being approximated, i.e. the elastic energy.
How to practically obtain such measurement is described in
Section V. Differently from the RLS technique, the resulting
accuracy will be better, but paying for a larger computational
complexity.

The advantages of both the approaches proposed here, ei-
ther with a polynomial approximation or with a FF-NN, with
respect to the residual-based approach are that knowledge
of the dynamic parameters of the motors is not required,
measurement of motors and load speeds is not required since
only motors and link angular positions are needed to compute
the deformation !i, access to the input torque of the motors
is not required and thus losses in gearboxes have no effect on
the estimation. Finally, estimation of the stiffness does not

1Of course, in the real case, this data set should be constructed experi-
mentally.
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5

as Ts = 1/1000.

set-up for the approach proposed by Flacco et al. in [23]
We just recall here the values of the different parameters

needed. For more details, the interested reader is refered to

[23]. The gain KI for the residual based flexibility torque

estimation is set as KI = 103. The sampling time is the

same for both approaches: Ts = 1/1000. The order of

the basis for the least square estimation is k = 3. The

Recursive least square is started with P (0) = 106Id4 and

the parameters to be estimated are initialized at zero. The

derivative of the displacement angle is obtained with a

Kinematic Kalman filter (see [24]) and set as in [23].

Comparison of the two approaches
We can notice on figure 2 that both approaches provide

satisfying results. For a more precise comparison, we have

computed the Mean Square Error (MSE) and the Mean

Square Relative Error Percentage (MSREP):

MSE =

�p
k=0[σ(k)− σ̂(k)]2

p
(30)

MSREP =

�p
k=0

��
σ(k)−σ̂(k)

σ(k)

��2

p
(31)

after the convergence of the methods, that is between 2s and

10s. The results is given in the following table:

Operational calculus Flacco et al.

MSE 4.2 51.8
MSREP 0.7 22.26

We see that the approach proposed here show much better

performance. Another advantage of the approach proposed

here is that it relies on an exact expression which does not

involve any time derivative of the measured signals, then

we don’t need to compute numerical time derivative and the

convergence of this method only depends on the persistent

excitation of the regression vector given by equation (21)

while the approach of Flacco et al. can hardly be proved

since it relies on the fact that the derivatives sequence cor-

responding to a convergent sequence of functions converge

as well.

V. EXPERIMENTAL RESULTS

A. Set-up description
The algorithm has been tested on an experimental VSA

device with exponential springs. We do not recall here the

characteristics of this device and the model based estimate,

which are fully described in [11].

Due to uncertainties in the model of the actuator and in the

identification of the model parameters, the knowledge of the

true stiffness is reliable up to an error about 25% represented

by the horizontal line in figure 3d).

a) positions of the motors and the link

b) torques of the motors

c) total stiffness and its approximation given by

the approach proposed in this paper
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Fig. 2. Results of simulation: performance of the observer tracking the

stiffness of an Agonist-Antagonist VSA system with white noise on the

measured data.

The order of the series expansion has been set to 10 for both

sides of the VSA device. The covariance matrix for the RLS

(25) has been initialized with P (0) = 107I10.

B. Results
The data received from the device is reported on figures

3a) and 3b). The stiffness is reconstructed in real-time as

shown on figure 3c) and the relative error between the model-

based and observer-based estimate is presented on figure 3d).

VI. CONCLUSION AND FUTURE WORK

In this paper, we have presented an observer which

reconstruct the stiffness of a Variable Stiffness Actuator in

real-time using the positions of the motors and the link and

the torques of the motors. Two points have been improved

compared to the existing observer. First, no derivative of

the measured signal is needed. Second, the convergence

is ensured, provided that the signal given to the RLS is

persistently excited. Comparison with the existing observer
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